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Theory of Elasticity of Polymer Networks. 3
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ABSTRACT: The theory of elasticity of polymer networks is reformulated with greater generality and improved
concision. In particular, the domains of constraint that, due to entanglements and steric requirements of
real polymer chains, impede fluctuations of the junctions are introduced in a way that admits of a more rapid
attenuation of these constraints than affine transformation of them with strain would allow. Illustrative
calculations are presented on the contribution of the constraints to the stress in uniaxial deformation as a
function of the extension ratio and the degree of dilation. The calculated reduced force is decidedly nonlinear

with the reciprocal of the extension ratio.

Introduction

The elastic free energy of a polymer network that ex-
hibits high elasticity can be expressed as the sum of two
terms.!® One represents the elastic free energy AA, of
the hypothetical phantom network that is topologically
identical with the real one. The other, AA,, is due to the
constraints arising from the material properties of real
chains densely interspersed in the random network. Thus,

AAel = AAph + AAc (1)

A phantom network is, by definition,* one in which the
physical effects of the chains between junctions are con-
fined exclusively to the forces they exert on the pairs of
junctions to which each is attached. Neither the space-
filling characteristics of real chains nor the structural in-
tegrity that precludes transection of one chain by another
is considered to be operative in the phantom network. The
forces delivered to the junctions by the chains originate

tPermanent address: School of Engineering, Bogazici University,
Bebek, Istanbul, Turkey.

in the configurational-statistical characteristics of the
chains as expressed, for example, in the distribution W(r)
of end-to-end vectors r for chains free of constraints. For
chains of the lengths that are usual in representative
elastomeric networks, W(r) is Gaussian in good approxi-
mation.5” The elastic free energy of a phantom network
of Gaussian chains is given rigorously by*#

AAy, = (1/2)ERT(ME + N2 + X2 - 3) (2)

where A;, A, and A; are principal extension ratios relative
to the isotropic state of reference in which the chains as-
sume random configurations corresponding to those of
unperturbed, free chains, & is the Boltzmann constant, and
£ is the cycle rank of the network, or the number of in-
dependent circuits it contains.* With £ thus defined, eq
2 holds for phantom networks of any functionality and
irrespective of their structural imperfections.

In typical polymer networks that exhibit high elasticity
the space pervaded by one chain is shared with many
others and their associated junctions.!* The degree of
interpenetration is high. For illustration, consider the

0024-9297/82/2215-0800801.25/0 © 1982 American Chemical Society
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region of space demarcated, approximately, by the junc-
tions that are topological first neighbors to a given junction,
i.e., by the junctions at the remote ends of the chains
emanating from the chosen junction.® As many as 50-100
other junctions may occur within this region. Most of them
will be connected to the central junction only via pathways
consisting of many consecutive chains. Thus, the pre-
ponderance of the junctions in the neighborhood of a given
junction are not closely related to it in the topological
pattern of the network.

Extensive interpenetration of different portions of the
network that are topologically remote implies a maze of
entanglements in which chains and junctions are inextri-
cably involved. Gross separation of a given junction from
its spatial neighbors is therefore precluded regardless of
the strain. Entanglements of different parts of the network
structure confer coherence not present in a hypothetical
phantom network comprising chains that neither preempt
space nor obstruct transection by one another.

Parenthetically, it should be noted that we employ the
term “entanglement” to denote diffuse interspersion of
chains and junctions in ways that render them inseparable.
This view contrasts with the more conventional one of
discrete entanglements consisting of well-defined loops of
one chain about another. These latter are supposed to act
effectively as cross-linkages between the specific chains
thus intertwined. Objections to discrete entanglements
as the principal manifestations of the mutual constraints
involving interspersed portions of the network have been
pointed out previously.?'® Further arguments and evidence
against them as significant contributors to the elastic re-
sponse of polymeric networks are presented in the fol-
lowing paper.!!

The junctions in a phantom network of Gaussian chains
undergo large fluctuations. Their mean-square magnitude
((AR)?) is (3/8)(r?), in a tetrafunctional phantom net-
work.1* Thus, fluctuations of junctions, if uninhibited by
the constraints aforementioned, would carry them well
beyond their nearest spatial neighbors. Fluctuations of
this magnitude must be impeded by the profusion of en-
tanglements (diffuse, nonspecific; see above) in a real
network. They are hindered also by the steric require-
ments of surrounding chains. Displacement of a junction
requires alterations of the configurations of the chains
joined to it, and accommodation of these changes is con-
tingent on coordinated rearrangement of other portions
of the network sharing the same region of space. This is
necessitated by the dual conditions of dense occupancy of
space and avoidance of steric overlaps, with both of which
the assembly must comply.

The number of configurations accessible to the real
network obviously is greatly reduced by the integrity of
the network chains that confers permanency on the mutual
entanglement of diverse portions of the network, and also
by the steric requirements of real chains. This reduction
is inconsequential in the undeformed network in the state
of its formation from unperturbed, randomly configured
chains. As will be apparent from consideration of an en-
semble of such networks, the process of random inter-
linking of chains entails no change in entropy or free en-
ergy attributable to the network and the constraints it
imposes. The impedence of the fluctuations depends on
the strain, however, and this fact is of foremost importance.
Whereas fluctuations of junctions (and other parts) of a
Gaussian phantom network are independent of the
strain,*® the constraints on configurations in a real network
render them strain-dependent. Restrictions on fluctua-
tions, therefore, contribute to the elastic free energy in
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states of strain, and hence to the stress,!* as was first
pointed out by Ronca and Allegra.'?

The network junctions are the entities most vulnerable
to the effects of diffuse entanglements and of steric con-
straints, inasmuch as each of them is the nexus for the ¢
chains attached to it, the functionality ¢ being three or
greater. Hence, the constraints on fluctuations in the
network may be taken into account, presumably in good
approximation, on the assumption that they are incident
exclusively on junctions.! Constraints directly affecting
network chains may be subsumed in the restrictions im-
posed on junctions in the formal treatment.

The model employed!™ subjects each junction to a do-
main of constraint due to entanglements and to steric
requirements of the junction and its associated chains. In
the undistorted network, the domain of constraint is
spherical. The probability of a fluctuation of the junction
from the center of its domain of constraint must decrease
with the magnitude of the fluctuation owing to increased
obstructions by entanglements and to the necessity of
accommodating more drastic relocations of the subtended
chains the greater the displacement. The exact form of
the probability distribution for these fluctuations is un-
important.? It is conveniently taken to be Gaussian.!

The centers of the domains must be distributed with
respect to the mean positions of the junctions in the
phantom network in the manner required to preserve the
distribution W(r) for unperturbed chains in the unde-
formed network (e.g., under the conditions prevailing at
its formation). If the network is formed under random,
isotropic conditions, as is usual, the theory must comply
with this requirement.

Both the mean positions of the domains of constraints
and the shapes of the domains were originally assumed!
to transform affinely (i.e., linearly) with the macroscopic
strain. Adoption of this condition is virtually mandatory
for the locations of the centers of the domains. It does not
necessarily apply to the shapes of the domains. In com-
paring theory with experiment, it readily became appar-
ent313 that the constraints appear to relax somewhat more
rapidly with strain than the assumption of affine defor-
mation of the domains under strain, including swelling,
would allow. The modification originally suggested to
remedy this minor disparity between theory and experi-
ment is found to be flawed when reexamined in detail (see
below).

In the present paper we recast the previous theory in
a form amenable to the improved refinement here intro-
duced. A consolidated version of the theory is presented
that clarifies the consequences of the main assumptions.
For full details the reader is referred to the original paper.!

Distribution Functions in Strained Networks

Let the set of vectors {R} define the locations of the mean
positions of the network junctions, in the given macro-
scopic state of strain, when all constraints due to the
material properties of the chains are suppressed; i.e., the
{R} locate the mean positions of junctions in the phantom
network.? The point A in Figure 1 marks this mean pos-
ition of a given junction. Its actual instantaneous position
is represented by D located at AR from A. As James and
Guth® showed, the fluctuations {AR} of the junctions about
their mean positions are independent of the strain for a
phantom network of Gaussian chains. The configuration
function applicable to these fluctuations is*®

Z, = const X exp(—{AR}TT {AR}) (3)

where T, is the matrix that details the connectivity of the
network comprising p junctions (exclusive of junctions
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Figure 1. Diagramatic representation of the model. The point
A denotes the mean position of the given junction in the phantom
network. The outer dashed circle shown in part characterizes the
range of fluctuations of the junction in the phantom network, the
radius of the circle being equal to ((AR)?)/2 = (3/2p)'/%, The
point B marks the center of the domain of constraint shown by
the smaller dashed circle of radius {(As)?)1/2 = (3/20,)*/2 in the
undeformed state. Its center is displaced from A by the vector
8. The mean position of the given junction under the combined
influences of the (phantom) network and the constraints is located
at C displaced by AR from A. The instantaneous position of the
junction is at D located at AR from A, at As from B, and at éR
from C. Distortion of the domain of constraint under strain is
not represented in the diagram.

considered to be fixed according to the scheme of James
and Guth®). Since T, is symmetric, the quadratic form in
eq 3 may be reduced to a sum of squares in the “normal
coordinates” specified by the eigenvectors of T,. The
configuration function may thus be expressed, in principle,
as a product of Gaussians, each a function of one of these
coordinates.

Reduction of the quadratic form in eq 3 in the manner
indicated obviously is impracticable. In order to avoid the
awkwardness of conducting the analysis in terms of un-
reduced functions for the network as a whole, we adopt
the device of ostensibly identifying AR for a typical
junction with one of the normal (vector) coordinates. The
distribution function for this coordinate, represented as
the vector AR, is

R(AR) = (p/m)3/2 exp[-p(AR)?] 4)
where
p = 3/2((AR)%) (5)

The configuration function Z, is then the product of
Gaussians like eq 4, one for each normal coordinate, or for
each junction. Inasmuch as the entanglement constraints
incident on the various junctions are considered below to
be identical, it will be apparent that this procedure can
be employed without error.

Although the magnitude of p is not required, we note
in passing that the Gaussian parameter governing the
fluctuations of a given junction in the absence of any
specification of other fluctuations in the phantum network
isl4

py = 3ele = 2)/2(e ~ 1)(r?), (6)

where ¢ is the functionality of the junctions and (r?), is
the mean-square length of a free chain. Thus, for a tet-
rafunctional phantom network the numerical factor in eq
6 is four. It would be incorrect, however, to identify p with
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py; the former parameter should represent normal modes
of the network as a whole and not the fluctuation of one
junction in the absence of other constraints.

The sphere of radius equal to the root-mean-square
dispersion ((AR)?)Y/2 of the junction fluctuations in the
phantom network is represented by the large dashed circle
in Figure 1. Let the constraints incident on junction i due
to entanglements with neighboring chains and to steric
requirements of real chains be centered at point B located
at §; from the mean position of that junction in the cor-
responding phantom network. The mean range of these
constraints is represented by the smaller dashed circle in
Figure 1. Under the combined influences of the network
junctions and the constraints, the mean position of junc-
tion i is located at point C displaced by AR, from A. The
displacements of the instantaneous position D of the
junction from B and from C are denoted by vectors As; and
8R;, respectively; see Figure 1.

The set of vectors {8} locating the centers of the domains
of constraint relative to the mean positions of the corre-
sponding junctions in the phantom network will be de-
termined in due course from the requirement that the
distribution R(AR) must be unaffected by the constraints
under the conditions prevailing at formation of the net-
work from a system of random chains in unperturbed
configurations.!* The state of reference ordinarily is so
defined as to match these conditions.

Let §(As) represent the distribution of the fluctuations
{As} of the junctions from the centers of their respective
domains of constraint that would obtain if the junctions
were subject only to these constraints, i.e., if network forces
due to the action of each chain on the junctions to which
it is attached were somehow suspended. The form of the
distribution §(As) is of little importance.!? It is conven-
iently taken to be Gaussian; i.e., we express it by

$(As) = 77%2(det 0,)1/2 exp[-(As)Toy(A8)]  (7)

where ¢, is the “stiffness” tensor governing the Gaussian
distribution, generally ellipsoidal, at the strain defined by
the tensor A comprising the macroscopic extension ratios.

This domain of constraint for the undeformed network
is depicted by the smaller dashed circle of radius ((As)?)!/2
in Figure 1. The dependence of ¢, on X is postponed for
later consideration.

Inasmuch as the primary distributions above are
Gaussian, all other distributions derived from them must
likewise be Gaussian.! They may be resolved therefore into
component distributions along principal axes of the strain,
and all equations can be rendered in scalar form. Re-
placing AR by AX and As by Ax, we thus obtain

R(AX) = (p/7)"/? exp[-p(2X)?] (4
((AX)%) =1/2p GY)
8(Ax) = (a),/m)V? exp[-0, (Ax)?] (7)

where o, is the x component of ¢,; it depends specifically
on A, in a manner to be discussed later. The notation is
simplified below by replacing A, with A and s, with o,.

The a priori probability of a displacement AR; of
junction 7 in the real network from its mean position in
the corresponding phantom network is given by the
product of eq 4 and 7, with As; in the latter equation
appropriately replaced by AR, - §;. The normalized result
that follows from eq 4’ and 7’ for the X coordinate is
expressed by

P(X) = [(p + o)) /7] exp[-(p + 0))(6X))*] (8)

where (see Figure 1)
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5Xi = A.Xl - AX" (9)
with AX; given by
AX; = (1 + p/o)7'; (10)

It will be apparent that AX; measures the displacement
of the mean position of junction i in the real network from
its mean position in the phantom network, this displace-
ment being due to the constraints imposed by the sur-
roundings when the system is subject to a strain denoted
by the principal extension ratio A = A,. The displaced
mean position is represented by point C in Figure 1.
According to eq 10, the displacement of the mean position
of junction i due to the constraints incident on it is pro-
portional to the vector §; (with components %, ¥;, and z;)
specifying the location of the center of the constraints. The
a priori probability of a fluctuation 6X; measured there-
from (see Figure 1) is given by eq 8.

It remains to specify the distribution H(%) of mean
relative positions of the centers of constraint. In view of
eq 10 this distribution is directly related to the distribution
6(AX) of the relative displacements of the mean positions
of junctions due to the constraints. The actual, or in-
stantaneous, distribution of the components {AX} of the
vectors (AR} that locate the junction in the real network
under strain X relative to their mean positions in the
phantom network is given by the convolution of P(8X)
with 6(AX), i.e., by

R(AX) = f P(X) X 8(AX) dAX 1)

The symbol for this distribution is distinguished from &
for the a priori probability function for the phantom
network by the asterisk subscript. In the reference state
R.(AX) must equate to R(AX) as expressed by eq 4/, as
was pointed out above. It follows that ©0(AX) also must
be Gaussian in this state. In view of eq 10, H(%) must
likewise be Gaussian in the state of reference.! In due
course we adopt the plausible assumption that the centers
of the steric constraints are affine (i.e., linear) in the ma-
croscopic strain. Under this assumption, H(x) will be
required to remain Gaussian at all strains. For the present,
we introduce the less drastic assumption that H(%) remains
Gaussian for all strains, without stipulating that its vari-
ance shall be affine in A. It follows at once (see eq 10 and
11) that 6(AX) and R.(AX) must remain Gaussian for all
strains.
Accordingly, we write

H(z) = (n,/m)"/? exp(-n,%?) (12)

Substitution of eq 10 in eq 12 yields
8(AX) = (n/mV1 + p/ay) exp[-m(1 + p/0)*AX)?]
(13)

with o, dependent on XA in a manner yet to be specified.
Substitution of eq 8 and 13 in eq 11 and execution of
the integration lead to

R(AX) = (por/7)!/2 exp[-par(AX)?] (14)
where
o= (o + 6)2/(p + o) + 0,2 /m) (15)
which can be rearranged to

p/po =1+ (ar/p)(ar/p)(enyt = 1) = 11 /(1 + a,/p)?
(16)

Compliance with the requirement that the actual distri-
bution R.(AX) in the state of reference must conform to
R(AX) for the phantom network dictates that
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m =+ ap! (17)

Replacement of pn,™! in eq 16 by
p/m = (/M) + p/0g) (18)

which follows from eq 17, yields

p/pe\ =
+ (ox/0)*(mo/my = 1) + (00/0)[(no/ M) 01/ 3) — 1]
(1 + 0/p)?

(19)

Convolution of H(%) as given by eq 12 with P(6X) given
by eq 8 yields the distribution £.(Ax) of displacements Ax
of junctions in the strained network from the centers of
their domains of constraint. The result obtained after
making the substitution 6X = AX - AX = Ax + x/(1 +

o\/p) is

$:(Ax) = (04y /)2 exp[-04,(Ax)?] (20)
where o+, is defined by
a/on = [lor/0)2 + ar/p + on/ml/ (L + oy /p)? (21
or
o /on =1+ [(ox/p)em = 1) - 1]/0 + 0y /p)* (22)
It follows from eq 16 that

a/on—1=(ar/p)Ho/per~ 1) (23)
Hence, from eq 19 one obtains
(or/P)mo/m ~ 1) + (no/m)(or/00) — 1
1+ 0)/p)?

G')‘/O'n)\ =
(24)

Contribution to the Elastic Free Energy from
Constraints on Fluctuations

The contribution AA, to the elastic free energy from the
steric constraints comprises two terms due, respectively,
to (i) distortion of the fluctuations of junctions from the
distribution Z(AR) in the phantom network to R&.(AR)
in the real network, and (ii) alteration of the distribution
of displacements As of the junctions about the centers of
the constraints considered to be incident on them from
A (As) to R.(As). The partition function associated with
the former contribution, expressed for one dimension, is

Qux = “!I;ij‘“j/“j! = rjI(“’f“//"j)"’ (25)

where 4 is the total number of junctions, ; is the number
of them located at AX; to AX; + 6(AX)) from their mean
positions in the phantom network, and w; is the a priori
probability of a displacement in this range. Since

w; = R(AX)6(AX)
and
ui/ = ﬁ‘(AXj)a(AXj)
it follows from eq 4’ and 14 that

In Qux = (1/2) In (p/psy) = (0 = psy ) Zu;(AX))? =
(k/2)In (p/pn) = (p/pxr, — 1)] (26)

Summing over the principal axes ¢t = x, ¥, 2, one obtains
for the total contribution from this source to the reduced
elastic free energy!

(RT)1AAg = (u/2)§[Bt -InB,+1)] (27
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where
Bi=p/pa,—1 (28)

Treatment of the distortion of the distribution of vectors
As using eq 7’ and 20 similarly yields

In Qux = (1/2)[In (o), /00) = (o /o, — D] (29)
and (see eq 23)
(BT)AA, = (H/%;[&Bt ~-In(gB, + 1)1 (30)

where

&t = p/0y, (31)
Combination of eq 27 and 30 gives
(kT)1AA, =

(#/z)gl(l + g)B, - In [(B; + 1)(g.B; + 1)}} (32)

for the reduced elastic free energy due to the constraints.
Substitution of AA, together with AA,, according to eq 2
into eq 1 gives the total elastic free energy.
Relationship of Stress to Strain

Principal components of the stress are given by!

7, = 2VINA(0AA, /9N (33)
The contribution of the constraints follows as
T = 2VIN2A, (34)
where
A = 0AA /N2 (35)
It follows from eq 32 that
Ay = (u/2DRTK(?) (36)
where
K\ = B[B(B+ 1) + g(gB + gB)(gB + 1)7] (37)
B = 3B /N2 (38)
g =g /0N (39)

the subscript ¢ identifying the principal axis being omitted.

For uniaxial deformations it is convenient to define the
strain by the axial elongation « at the prevailing volume
V, which may differ from the volume V? in the reference
state. Then the principal extensions A, relative to the state
of reference are

A o= a(V/ VO3
Ay = A3 = aVHV VOB (40)

The contribution of the constraints to the tension f is given
by

fo = L"HAAA /da)y
= (LY UV /VO) VLA 0N2/da
t
= (ukT/LOY(V/VO)Y3[aK(M?) - «2K(\P)] (41)

Recalling that the tension for a phantom network under
uniaxial deformation is

fon = (ERT /LO(V / VO3 — 7% (42)
we obtain
fo/Fon = /O[aKM?) = a 2K\ (@ = )™ (43)

For a perfect tetrafunctional network u/¢& = 1.
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te/fon

1/a

Figure 2. Ratio of the tensile force f, due to constraints on
junction fluctuations to the force fy, for the corresponding
phantom network plotted against the reciprocal of the extension
ratio o. The curves have been caleulated for « = 10 and the values
of ¢ indicated. The inset shows peculiarities of the functional
dependence in the range of high extension (small o) on an
enlarged scale. Calculations are for a perfect tetrafunctional
network with u/& = 1 in the absence of diluent (V/V? = 1).

Effect of Deformation on the Domains of
Constraint

Implementation of the relationships derived above re-
quires specification of the dependences of n,/7, and o,/ g
on \. The former ratios for the three principal axes
characterize the dispersion of the centers of the domains
of constraint under strain; the latter ratios characterize the
alteration in the size and shape of the domains.

That the centers of the domains of steric constraints
should be affine in the macroscopic strain seems inesca-
pable. Hence, as hinted earlier, we let

m/m = N2 (44)

for each principal axis.

The dependence of s, on A is more problematical.
Previously,!® we have taken the deformation of the do-
mains of constraint likewise to be affine in the strain. On
this basis ¢,/¢ = A2 It was recognized from inspection
of experimental results, however, that the constraints ap-
pear to be attenuated more rapidly with strain, or with
volume dilation by swelling, than this relation stipulates.
Inhomogeneities in structure and topology could cause
distension of the domains with strain to exceed calculations
based on affine deformation of them. The relation

O')\/O'O = AP (45)

with p > 2 was offered as a possible alternative! to the
equation above. Calculations were presented for p = 3 and
4 as well as for p = 2,012 Use of eq 45 with p # 2, in
conjunction with eq 44 leads to a free energy AA, which
does not vanish as (y/p) — 0,'> as may readily be shown.

As an alternative means of modifying the dependence
of o, on A, we express the variance 1/, of the steric con-
straints as a series in powers of A\ commencing with A% i.e.,
we let

1/oy =MN/oy + N /oy + .. (46)
Then

1/og=1/01+ 1/0y + ... (47)
Truncation at the cubic term gives

0o/ 0y = N1 + k{(A - 1)] (48)
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where
K= 0o/p
§=p/0oy (49)

The definition of  corresponds to that given previously;!
departures from affine transformation of the a priori
probability function are introduced through the parameter
¢ In the limit of vanishing constraints, i.e., as x — 0, the
deformations of the domains of constraint must be affine.
1t follows that x{ = (gy/03) — 0 and (op/o,) — A? in this
limit. Substitution of this result in eq 19 gives B = 0
according to eq 28. Hence, A4, vanishes and the anomaly
of the previous formulation using eq 45 is circumvented.
The obvious requirement that the network must conform
to phantom behavior in the limit is then fulfilled. In the
opposite limit where fluctuations are suppressed by taking
k = « and { = 0, the elastic free energy converges to the
expression for affine transformation of junctions, as was
found previously.!

Substitution of eq 44 and 48 into eq 19 yields (see eq
28)

B=(A-1DA+X-Y/(1 + g)? (50)
where (see eq 31 and 48)

g = (koy /o) = N« + (A - 1)] (51)
Also
B/B =
[2AA = DTT+ (1 - 200201 + A - 9]t - 2801 +(g5)2‘;

&=8\2+ ($/2)A
=kl - {1 -3r/2) (53)

Numerical Calculations

Specification of x and ¢ enables one to calculate B, g, B,
and g according to eq 50, 51, 52, and 53, respectively, as
functions of A. Substitution of these quantities in eq 37
gives K(\?), the function required for calculation of the
stress according to eq 34 and 36. Similarly, the relative
contribution f./f, of entanglement and steric constraints
to the tension in uniaxial deformation may be calculated
as a function of the linear extension ratio « and the dilation
V/V? through use of eq 40, 37, and 43. Results of calcu-
lations of f./f,, for x = 10 are shown in Figure 2 as func-
tions of a! for the several values of { indicated. All cal-
culations were carried out for a perfect tetrafunctional
network for which u/¢ = 1 in eq 43. Increase of { causes
fo/fon to decrease more precipitously with extension « in
the range ! < 1 (i.e., & > 1). As found previously,! this
ratio that measures the departure from phantom network
behavior reaches a maximum in the range of small com-
pressions (o™ > 1) and then decreases gradually with
further compression, i.e., with further increase in a™X. The
rate of this gradual decrease increases with ¢.

Corresponding calculations for « = 5 are shown in Figure
3. Similar features are exhibited. As in Figure 2, the
height of the maximum is decreased slightly by increase
in {. The calculated decrease in f,/f,, with decrease in o
in the extension range ! < 1 is by no means linear as the
Mooney-Rivlin formulation would require, and substantial
errors may arise from its use to determine the intercept
according to accepted practice.

The effect of dilation is shown in Figure 4 for « = 10 with
¢ = 0 (dashed curves) and with { = 0.10 (solid curves). The
magnitude of f./f,;, decreases with the dilation ratio V/V°
indicated for each curve. The curves remain sigmoidal for
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Figure 3. Calculations corresponding to those in Figure 2 with
k= 5.

fe/fon

o 0.4 0.8 12 16 2.0
. 1/a
Figure 4. Effect of dilution, denoted by V/V°, on f./f, for « =

10. Dashed and solid curves are for { = 0 and 0.10, respectively.
The curves for V/V° = 1 correspond to those in Figure 2.

¢=0. For { = 0.1 a minimum appears for V/V°> 0. With
increase in V/V? it is displaced toward larger oL, and f,
becomes negative in the vicinity of the minimum. At the
highest dilation, f./f,, is negative out to «* = 1 and be-
yond. Thus, the reduced force [f] = f/(V/VO)V3(a - o7?)
is predicted to increase with extension, in contrast to its
behavior in undiluted systems. This prediction is con-
firmed by experiments on highly swollen networks, as the
results treated in the following paper!! show.
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of Polymer Networks. Comparison of Theory with Experiments

Burak Erman' and Paul J. Flory*

IBM Research Laboratory, San Jose, California 95193, and Department of Chemistry,
Stanford University, Stanford, California 94305. Received November 17, 1981

ABSTRACT: The theory recast in the preceding paper accounts for the relationship of the equilibrium stress
to strain for elastomeric networks within probable limits of experimental error throughout the range of
deformation accessible to experiment, including biaxial extension, pure shear, and torsion as well as simple
elongation and compression. Effects of dilation by swelling on the stress—strain relationship are well reproduced
by the same set of parameters: the reduced force [f*,,] for the equivalent phantom network, and « and {
that characterize the local constraints on fluctuations of junctions and their dependence on strain. Two of
these three parameters appear to be related by x[f*ph]‘/ 2 = const, as follows from the premise that « should
depend on the degree of interpenetration in the network. Values of [f*;] deduced from elastic and swelling
measurements agree approximately with “chemically” determined reduced forces given by {2T/V?. It follows
that one of the parameters is determinable independently and that discrete (“trapped”) entanglements do

not contribute appreciably to the stress.

Introduction

Experimental results on (i) the relationship of stress to
strain, (ii) the effect of dilation on the stress—strain rela-
tionship in simple extension, and (iii) the effect of the
degree of cross-linking on the form of this relationship are
examined in this paper according to the theory presented
in the preceding one.! For the interpretation of (iii), we
introduce the physically plausible postulate that the pa-
rameter « should be proportional to the degree of interp-
enetration in the network.

Most of the experimental results treated below pertain
to uniaxial deformations. They are presented in terms of
the reduced force, or reduced nominal stress, defined by

[f*] = P (V/ V)3 - a?)? (1

where f* is the tensile force per unit area measured in the
reference state, V0 is the volume in that state, V is the
volume of the system at measurement, and « is the ex-
tension ratio relative to the length of the sample when
isotropic at the same volume V. According to theory,?

[F*] = [F*anl(1 + fo/fon) 2

where f, is the contribution to the force f from the con-
straints on fluctuations of junctions,'? f,, is the force that
would be exerted by the equivalent phantom network at
the same elongation, and [f*;,] is the reduced force in the
limit of high extension (and/or dilution) where f./fon
vanishes. Thus, [f*,] is the reduced force for the equiv-
alent phantom network.

According to theory,??

[ffonl = ERT/V° @)

tPermanent address: School of Engineering, Bogazici University,
Bebek, Istanbul, Turkey.

where £ is the cycle rank of the network; see eq 42 of the
preceding paper.! Implicit in identification of ¢ with the
value that follows directly from the chemical constitution
of the network is the assumption that the effective degree
of connectivity is not enhanced by discrete entanglements!
of the kind often assumed to entwine one chain of the
network specifically with another. Specific entanglements
of this kind are to be distinguished from the diffuse en-
tanglements addressed by the theory*? under considera-
tion. In the fourth section below, we examine the validity
of eq 3 by comparing values of [f*;;] deduced according
to eq 2 from stress-strain-swelling measurements with
those calculated from chemically determined “circuit
densities™ ¢/ V2.

Dependence of Stress on Strain

Stresses for uniaxial deformation covering a wide range
of extension ratios « can be determined by combining
measurements in simple extension with measurements on
the inflation of a sheet of the rubber.*” The latter ex-
periments require measurement of the inflation pressure,
of the radius of curvature at the pole of the inflated sheet,
and of the linear deformation in the plane of the sheet and
likewise at the pole. The strains may be expressed either
as equibiaxial extensions or, preferably for purposes at
hand, as uniaxial compressions. Measurements in com-
pression and in elongation should be performed on samples
from the same specimen of rubber.

Rivlin and Saunders® applied this procedure to vulcan-
ized natural rubber. Their measurements in extension
cover the range from o = 1.1 to 3, and in compression from
a = 0.85 to 0.14, i.e., equibiaxial extensions from oy = aj
= 1.08 to 2.6. Similar experiments were reported a few
years ago by Pak and Flory’ on networks of poly(di-
methylsiloxane), PDMS, cross-linked using dicumyl per-
oxide at 165 °C. The experiments covered a fourfold range
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